Earth Tides

John Wahr

1. INTRODUCTION

The sun and moon exert gravitational forces on the
earth, which cause the earth to orbit the earth-moon-sun
center-of-mass. The gravitational acceleration (the force
per unit mass) is not the same at every point in the earth,
because different points are at different distances from the
moon (or sun) and the gravitational force varies with dis-
tance. For example, Figure la shows the gravitational
acceleration vectors due to the moon, at different points in
the earth. The vectors are of unequal length and direction
(the differences are greatly exaggerated in the figure).

This has two effects. One is to cause a gravitational
torque on the earth tending to tip the earth’s rotation axis.
This tipping motion is the earth’s precession and nutation.
The other is to cause the solid earth (and oceans) to
deform. This deformation is the earth (and ocean) tide
[10].

Tidal deformation of the solid earth is modeled in two
steps. First, the variability, in both time and space, of the
luni-solar gravitational acceleration must be specified. A
scalar quantity called the tidal potential is introduced to
represent this variable acceleration. Finding the tidal
potential requires detailed knowledge of the orbital motions
of both the earth and moon. Second, the earth’s response
to the tidal potential must be modeled. This is a geophysi-
cal problem, and the results are usually represented in
terms of dimensionless "Love numbers". The problem is
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complicated by the deformation of the earth caused by
ocean tidal loading.

2. THE TIDAL POTENTIAL

The tidal acceleration is defined as that part of the luni-
solar gravitational acceleration that causes the precession,
nutation, and earth tides. Its value at the point P = (r, 6, 1)
(r is the radial coordinate, and 8 and A are co-latitude and
eastward longitude, respectively) is defined as: [the total
gravitational acceleration at P] minus [the acceleration of
the earth’s center-of-mass]. In this way, the tidal
acceleration is defined so that it has no net effect on the
earth’s orbital motion. If the total gravitational accelera-
tion were the same at every point in the earth, the tidal
acceleration would vanish.

The tidal acceleration due to the moon is represented
pictorially in Figure b. The acceleration of the earth’s
center-of-mass is approximately equal to the total gravita-
tional acceleration at the center of the earth. Thus, to
obtain Figure b, the acceleration vector at the center of the
earth in Figure la has been subtracted from all the other
vectors in Figure la. Note that the tidal acceleration vec-
tors are directed radially outward on the sides nearest and
furthest from the moon, and are directed radially inward
elsewhere.

The tidal acceleration from the sun and moon is written
as the gradient of a scalar function, V., called the tidal
potential (V7 is the negative of the potential energy per unit
mass). The tidal potential can be expanded as a sum of
complex spherical harmonics, Y7, in the form

Vr(rOhn) = Real[i ﬁ‘,c;"(t)Y,',”(e,X)[ﬁJ } (1)

n=2 m=0
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Fig. 1. Both panels show the earth as seen from above the North Pole. The earth’s diurnal rotation is
represented by Q. The arrows in (a) illustrate the magnitude and direction of the gravitational acceleration
toward the moon. The differences in length and direction are greatly exaggerated. The tidal acceleration,
shown in (b), is obtained by subtracting the acceleration vector at the center of the earth from the other
acceleration vectors. The tidal acceleration causes the earth to deform, and the deformation is the earth
tide. Because the earth rotates with respect to these arrows (which are fixed relative to the moon), the tide
at a fixed point on the earth varies both diurnally and semi-diurnally.

where a is the earth’s radius and the {c,(¢)} are complex,
time-dependent coefficients. Note that the sum over n in
(1) begins at n=2. In fact, V; is the total gravitational
potential per unit mass from the sun and moon, but without
the n=1 spherical harmonic terms. The n=1 terms cause
the earth’s orbital motion. The {c'(¢)} decrease quickly
with n. For example, ¢,'(t) = (1/60)" for the moon, and
decreases with n even more quickly for the sun. For most
applications only the n=2 terms are needed in (1), although
occasionally n =3 terms are also used.

The time dependence of the {c,'(t)} is determined by
the earth’s rotation rate, 2, and by the orbital motions of
the moon and earth. The dependence on the earth’s rota-
tion rate can be understood from Figure b. The pattern of
arrows in that figure is fixed relative to the moon. Because
the earth rotates within that pattern, the tidal acceleration at

a given point on the earth’s surface varies with time. That
time dependence could be primarily diurnal, semi-diurnal,
or infinite-period, depending on the declination of the moon
above or below the equator. Since the moon’s declination
is continually changing as the moon orbits the earth, the
time dependence of the {c(t)} is a complicated combina-
tion of diurnal, semi-diurnal, and longer-period terms.

When computing Vy, there are two general methods for
finding the {c(t)}. One is to use numerical ephemerides
of the lunar and terrestrial orbital motion. The dependence
of the {c,'(t)} on the geocentric positions of the sun and
moon is given, for example, in [1].

Alternatively, people have used ephemerides to find the
{c(t)}, and have expanded the results as sums of
frequency-dependent terms. For example, each {c,'(t)}
can be approximated as
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TABLE 1. Selected Tidal Constituents

Tidal Constituent Period amplitude phase in degrees
(solar hrs/dys/yrs)  (H,/g incm) (¢, relative to May 22.5, 1960)
long period (Y?) (lunar nodal tide) 18.613 years 2.79 188.82048
S, 365.26 days 0.49 137.86005
Sea 182.621 days 3.10 120.23846
M, 27.555 days 3.52 110.65598
M, 13.661 days 6.66 44.44202
diurnal (Y3 ) 0, 25.819 hours 26.22 105.67722
P, 24.066 hours 12.20 29.88078
S, 24 hours 0.29 12.25919
K, 23.934 hours 36.88 150.11923
A 23.869 hours 0.29 287.97928
0 23.804 hours 0.52 270.35770
semi-diurnal (Y7 ) N, 12.658 hours 12.10 325.14050
M, 12.421 hours 63.19 75.79645
S, 12 hours 29.40 0.00
K, 11.967 hours 8.00 120.23846
cmit) = Zﬂpe"(‘“"”r) ?)) Some of the more important tidal terms, with their
P periods, amplitudes, and phases relative to May 22.5, 1960

where @, and ¢, are the frequency and phase of the p’th
frequency component, and H,, is the amplitude. It turns out
that each @, is equal to mQ modulated by one or more
orbital frequencies of the moon or earth. Since the orbital
frequencies are much smaller than Q, @, =mQ. In the
usual case when only the n=2 terms are included in (1), m
can take on the values m =0, 1, or 2. The m=2 terms have
frequencies = 2Q and so are semi-diurnal tides. The m=1
terms have frequencies =Q and so are diurnal tides. The
m=0 terms are independent of the earth’s rotation and so
are determined entirely by the orbital motion of the moon
and earth. These terms are the long-period tides.

(Greenwich time), are shown in Table 1. The tides with the
largest amplitudes are assigned standard alphanumeric
representations, and those are also shown in Table 1. The
amplitudes and phases are taken from [3]. The amplitudes
(presented here as the absolute value of H,/g in cm, where
g is the gravitational acceleration at the earth’s equator)
correspond to spherical harmonics in (1) normalized
according to:

2n+1 (n—m)!

12
Y0,\) = (-1)" [ P J P™(cosB) e™*

h
The number of terms kept in (2) depends on the accu- where
racy required. Tables of values for ®,, ¢,, and H, can be (1-py™2 gmen
found in {2], [3], [14], and [18]. The tables of [14] and  Pa' ()= Pn g (n=1"

[18] are the most accurate and complete, and are in good
agreement. Several thousand terms are included in these
tables. Most of the terms have small amplitudes (H,,), and
for many applications only a few of them are required. For
example, many terms are close to one another in frequency.
When fitting tidal amplitudes to a short data span, it is com-
mon to approximate each group of closely-spaced terms
with a single large-amplitude term in the middle of that

group.

Note that (1) involves taking
Real[e i’"xe‘(“”'*"')] = cos [m A+, t+¢p] )

'The amplitudes shown in Table 1 give an indication of
the importance of some of the major tidal lines. But, these
amplitudes (and phases) should be used with caution. Each




of the lines shown here has side-bands that are not included
in the table, and that may differ in frequency from the cen-
tral line by as little as 1 cycle per 18.6 years. For some of
the tidal lines included in Table 1, the sidebands have
amplitudes of up to 10-20% (or more) of those shown.
Thus, for a short span of data where it is impossible to
separate the central line from its side-bands, the apparent
amplitude and phase of that central line could differ by 10-
20% (or more) from the values shown in Table 1. This
problem is best resolved by using many more terms in the
expansion, such as those included in the tables referred to
above. Alternatively, if the objective is simply to remove
the effects of tides from a geophysical record in order to
study the residuals, it may be reasonable to include only the
major tidal lines, but to fit an amplitude and phase to the
data for each line, rather than to use the tabulated values.

3. THE EARTH’S TIDAL RESPONSE

The tidal potential (1) induces deformation in the solid
earth and oceans. Solid earth effects can be observed using
a variety of techniques. A gravimeter is sensitive to the
vertical tidal displacement of the surface on which it sits
and to the changes in gravity caused by tidal deformation
inside the earth. Typical tidal perturbations of gravity are
on the order of 100 pgals or more. A tiltmeter, which
measures the angle between the gravitational acceleration
vector and the geometric normal to the earth’s surface, is
affected by tidal tilting of the surface and by tidal changes
in gravity. Tidal tilt amplitudes may be a few tenths of a
pradian. A strainmeter measures the change in length
between two points, and tidal changes in baseline length
are roughly 1077 times the unperturbed length. Tidal per-
turbations in the earth’s gravitational potential can be deter-
mined from the orbits of artificial satellites. And, tidal dis-
placements of the earth’s surface, typically a few tens of
centimeters, can be observed directly using space geodetic
positioning techniques such as VLBI, GPS, and satellite
laser ranging.

Solid earth deformation is conveniently described with
three dimensionless "Love numbers”, h,, k,, and [,
defined as follows. Tidal deformation is small enough that
its relation to the tidal forcing is essentially linear. Thus,
the response to the tidal potential, Vr, is given by the sum
of the responses to each individual term in the sum (1).
Consider a term

V(AL =H,e' " ymoN(r/a) (3)

in the tidal potential (combine (2) with (1)). Because of the
linearity of the earth’s response, this term causes deforma-
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tion which has the same e'®’ time dependence. Further-
more, for a spherical, non-rotating earth, the induced
deformation has an angular dependence which is described
with the same spherical harmonic, Y,", as is the forcing
term (3). For example, let s,(8,A.1), se(0,A,1), and
54(8,\.t), be the radial, southward, and eastward particle
displacements at the surface of the earth (r=a), at the
angular position (8, A) and at time ¢. Then, for a spherical,
non-rotating earth, s,, sq, and s, induced by (3) have the
form:

, ,
5, (OA1) = —V(r=a,8,\t)
g

Ly
sg(B.A) = ?89V(r=a ,6.0.1)

n

gsinB

ENCRE o, V(r=a B,\t1) “)

Here, h, and [, are dimensionless scalars, called Love
numbers, representing the response of the earth to unit
forcing. The values of h, and [, are often written as simply
h and !, since n=2 is by far the most important case. Note
that

V(r=a,8,At) = H,e' @ Y7(0,0)

Similarly, let ®(6,A,1) be the perturbation in the earth’s
gravitational potential at the outer surface caused by the
tidally-deformed density distribution inside the earth. Then

OO =k, V(r=a,8\1) )

where k, is another dimensionless Love number (again, &,
is often abbreviated as k).

Values of the Love numbers #,, /,, and k, depend on
the angular order n. For a spherical, non-rotating, and
elastic earth they are exactly independent of m, and, for all
practical purposes, also independent of forcing frequency,
®,. For a more realistic earth, there is some dependence
on both m and ,, as described in the next section.

Tidal effects on surface gravity are proportional to a
linear combination of the Love numbers. For example, the
n=2 tidal gravity signal measured by a gravimeter on the
earth’s surface (r=a) is (for a spherical, non-rotating earth)

Ag = 5£V(r=a,9,)»,t) (6)
a

where V is given by (3) and & is the n=2 tidal "gravimetric







