Astrometric and Geodetic Properties of Earth

and the Solar System

Charles F. Yoder

1. BACKGROUND

The mass, size and shape of planets and their satel-
lites and are essential information from which one can
consider the balance of gravity and tensile strength,
chemical makeup and such factors as internal tempera-
ture or porosity. Orbits and planetary rotation are also
useful clues concerning origin, internal structure and
tidal history. The tables compiled here include some of
the latest results such as detection of densities of Pluto-
Charon from analysis of HST images and the latest re-
sults for Venus’ shape, gravity field and pole orientation
based on Magellan spacecraft data. Data concerning
prominent asteroids, comets and Sun are also included.

Most of the material here is presented as tables. They
are preceded by brief explanations of the relevant geo-
physical and orbit parameters. More complete explana-
tions can be found in any of several reference texts on
geodesy [109, 74], geophysics {56, 58, 110] and celestial
mechanics [13, 88, 98].

2. GRAVITY FIELD SHAPE AND INTER-
NAL STRUCTURE

External Gravity Field: The potential external of
a non-spherical body [109, 57] at latitude ¢ and longi-
tude A and distance r(¢, A) > R, can be represented as a
series with associated Legendre polynomials, P,;(sin ¢),
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—) (Cnj cos A + SpjsinA) Pyj, (1)
n,j=0 r
and j < n. The zonal Legendre polynomials Pno(x) for
n < 7 are

Py =1

P10 =

Py = (322 —1) /2

P30 = 5:1,‘3 — 3:6) /2 (2)
Py = (352% — 3022 +3) /8

Pso = (6325 — 702% + 15z) /8

Pso = (23128 — 3152* + 10522 — 5) /16.
Higher order zonal functions can be derived from
I i

_ 2 2 n
Pro= 2 (a? = 1) 3)

or from the recursion relation
(n + l)Pn+1,O = (27), + 1)1'Pn,0 — nPn_Lo . (4)

The tesseral (j < n) and sectorial (j = n) functions can
be deduced from

@
P,; = cos’¢>ano . (5)

Thus P, = cos¢, Py, = 3singcosé, Paa = 3cos?g,
etc.

Surface topography can be expanded in similar fash-
ion with R.CT  and R.SY, as coefficients of the re-
spective Legendre functions.

Gravity Field Expansion Coeflicients: The di-
mensionless gravity field coefficients Cypj : Spj of har-
monic degree n and tesseral order j are related to the
following volume integral.
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where ¢* and A’ are the latitude and longitude at inter-
nal position r{¢’, \').

Both surface undulations and internal density varia-
tions contribute to the effective field. For an equivalent
representation in terms of just density variations, then

p(r) = D (pS(r) : pii(r))x (7)

C,S5,n,j

(Cnj t Spj) =

Pyj(sin ¢) (cos 50 : sin j6),

and

(Cnj = Snj) = drr"“p,f;s(r)- (8)

MRp (2n +1) /

A first order estimate of the contribution of uncom-
pensated topography with radial harmonic coefficient
CT to gravity is given by [12]

(an : n]) ) 7 (CT] :Sr’{j)’ 9)

(2n +1
where p, and p are the crustal and mean densities, re-
spectively.

Airy compensation, where surface topography of a
uniform density crust with average thickness H is com-
pensated by bottom crustal topography, has external
gravity which is smaller by a factor of (1 — ((R. —
H)/R.)"™?).

J..: The usual convention for representation of the
zonal coefficients is as J,,

Jn = —Cho . (10)

The normalized énj : ?nj coefficients are

(Chj : Snj) = Nuj(Chnj = Snj) - (11)

The normalization factor N,; is

1_*'2@ / " cos ¢dp P (12)

(14 650) (n+ )
2(2n+1) (n— !
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Kaula’s Rule: The gravity field power spectra func-
tion og for many solid planetary bodies tend to follow
Kaula’s rule,

© =, 2 u?
:Zz(cn,-Jrsnj) ~(2n+1) =, (13)
n=0j=0
where u is constant and ¢ is ~ 4 . A similar scaling is
found for topography with
t2

Oy ™~ m

and t a constant.
Moments of Inertia: The 2nd harmonic coefficients

are related to the moments of inertia tensor I;; where ¢

and j = 1,2,3 correspond to the {z,y,z} axes, respec-

tively.

(14)

1
MR2Cyy = — (c - §(B + A)) , (15)
MRz.Cgl = —113, MR§SZI = —123, (16)
MR2Cos = % (B—A4), (17)

where C, B and A are the principal moments about the
z, y and z axes, respectively (that is, C' = Is3, B = Iy
and A = I1;). The coordinate frame can be chosen such
that the off-diagonal I;; vanish and C > B > A and is
significant as it represents a minimum energy state for a
rotating body. The choice for R, is somewhat arbitrary,
although the convention is to choose the equatorial ra-
dius. The moment for a uniform sphere is —M R?, and
if we wish to preserve the 2/5 coefficient for the mean
moment I = (A+ B+ C)/3 for a triaxial ellipsoid, then
Ro = (a® + b? + ¢?)/3 is the appropriate choice. The
volumetric mean radius Ry = Vabc and differs from R,
in the second order.

The potential contributions from surface topography
can be appreciated from a consideration of a uniform
triaxial ellipsoid with surface defined by

)+ () () - 5

The harmonic coefficients and maximum principal
moment for a triaxial ellipsoid with body axesa > b > ¢
and with uniform density are (to 4th degree)

Cao = 5;33 (02 - %(a2 + b2)> , (19)
Cy = 201}33 (6% —a?), (20)
Cao = 1—750220 : (21)
Caz = —gczoczz, (22)
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Cas = ;16020022, (23)

C= % @+ )M=1- §MR3020 : (24)

while from symmetry the coefficients with either odd
degree n or order j vanish.

Hydrostatic Shape: The hydrostatic shape [24, 18,
124] of a uniformly rotating body with rotation rate ws
and radial density structure is controlled by the rotation
parameter m and flattening f,
w2a? _a=b
Tt (25)
Other choices for the spin factor which appear in the
literature are my = w2ba?/GM = m(l - f), mo =
Ww?R3/GM ~ my,(1 — %f?) and mg = w?a/ge. The el-
lipticity € = \/1 — (b/a)? is sometimes used instead of
f

The relationship between J5, J4 and f ( f = f(1-3f)
and M, = my(1 — 2f) ) is [24]

m=

1 /.~ ~ 11 .,
~ = - il 2
Jo = 3 <2f my + 4gmf ) ) (26)
15, 5 (4> ..\
Jy —7J2 + —2—1 (gf— mv) . (27)

An expression for the hydrostatic flattening, accurate
to second order, is [50]

1 3 5
F=-(m,+3) 1+ -J2) +2Ja (28)
2 2 8
The mean moment of inertia for a fluid planet is also
related to f and m through an approximate solution to
Clairaut’s equation.

E’ﬂ_z<£,)_(£_> ,
zdxn—i-po 5|9 6p° (29)
where = dIn f(z)/dIn z is the logarithmic derivative
of the flattening, and po(z) = 3g(z)/4nz is the mean
density inside radius z, and is proportional to gravity
g(z). The solution of (29) results in a relationship be-
tween f, m and the mean moment of inertia I which is
only weakly dependent on the actual density profile for
solid bodies.

2 2/ 1 5m
I MR |1 =S (—— |/ = —
s 12 (5 )V % ] @
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Both 6, and é; are small for terrestrial planets (e.g.
—0.0005 <6; < 0.0008 and 0.48m < 6, < 0.8m ). For
Earth, 6; = —0.00040 and é; = 0.49m . The above
relationships connecting f, my, and J» appear to be
self-consistent for the giant planets though significant
surface zonal winds are observed. However, the factor
6, can be relatively large (0.05 < é; < 0.08) for a variety
of plausible giant planet interior models [51], such that
(30) provides an upper bound on I/MR? for 6; = 0.

A satellite’s shape is also influenced by secular tides
raised by the planet. The spin factor is augmented by
the factor [1 +32 (71/c4.)s)2 (1- %sinze)] for non-synch-
ronous rotation. Here n is orbital mean motion, ws
is satellite spin rate and ¢ is satellite inclination of its
equator to the orbit. Most satellites have synchronous
rotation for which the hydrostatic shape is triaxial. The
expected value for the ratio (b—c)/(a—c) is 1/4 for small
m [20, 30]. A first order solution relating the flattening
fi =(a—c)/a, gravity factor J1 = Jy + 2C5, and spin
m; = 4m is obtained by replacing these factors (i.e.
f— fi, Ja = J! and m — m;) in (26).

Surface Gravity: The radial component of surface
gravity g(r, ¢) for a uniformly rotating fluid body is

g= SM (1+§J2 (2)* (1 - 3sin2g) (34)
—m (2)° cos ) . (35)

The equatorial gravity is
GM 3
ge = 9(a,0) = —5- (1+—2—J2—m), (36)

while the polar gravity is
GM a\?2
gp =7 (1 _3 (-5) Jg) . (37)

Geodetic Latitude: The geodetic (or geographic)
latitude ¢’ measures the angle formed by the surface
normal vector on the plane of the equator and is related
to the geocentric latitude ¢ by (see Figure 1)

2
tan ¢’ = (g) tang = (1 — f)tang. (38)

An expansion for the difference angle is

¢ —¢' = fsin2¢/(1 — 2f sin 2¢'), (39)
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where

-~ 1

F=fa-ip/- 17 (10)
Normal gravity to the ellipsoid is [74]

o= age cos2¢ + bgp sin ?¢’
Va2 cos2¢’ + b2sin2¢/ .

(41)

3. ORBITS AND THEIR ORIENTATIONS

Orbits of all planets and satellites are slightly ellip-
tical in shape where the orbit focus lies at the primary
center of mass and is displaced from the ellipse center
of figure by ea, where e is the orbit eccentricity and
a is the semimajor axts. The ratio of minor to major
axes of the orbit ellipse i1s /1 — €2. The rate that area is
swept out relative to the focus is governed by the Keple-
rian condition rza‘% f ~constant where the angle f (true
anomaly) is measured relative to the minimum separa-
tion or pericenter. The mean motion n = %(£+ w+Q)
and the orbital period is 27 /n. The radial position is
governed by the following two relations which connect
the radial separation r, semimajor axis a, eccentricity
e, true anomaly f and mean anomaly £ (which varies
linearly with time for the strictly two body case),

a(l —e?) ) ersin f rsin f
- - = . (42
r l+ecosf ,s1n(£+m/1_62) av'1l—e? (12)

If f is known, then » and ¢ are found directly. On the
other hand, if £ (or the time relative to perihelion pas-
sage) is known, then f and r can be obtained by itera-
tion. An alternative is to employ the eccentric anomaly
E which is directly connected to f and £.

1 I+e 1

~f= - 43
tan2f 1_€tan2E, (43)
£=F—esink, (44)
r=a(l —ecos F). (45)

The eccentric anomaly E measures the angular position
relative to the ellipse center.
For small e, the equation of center is [88]

1 . 13 5 .
f—l~e(2—- Zez) sin € + 262 sin 2¢ + Ee:i sin 3¢. (46)
Similar expansions of a/r and r/a in terms of the mean
anomaly are

21+ e(l— éez) cosf + e cos 20 + %es cos 3¢, (47)

P

r

gl 3 2 Lo 3 3
.= 1+2€ —6(1'—86 Ycos? 5¢ cos2f—86 cos 34(48)

The natural {z,y,z} coordinates of the orbit which
lie in the {z,y} plane are

rcos(f +w)
r= rsin(£+w) (49)

The spatial orientation of an orbit relative to the
ecliptic and equinox is specified by three Euler angles:
longitude of the ascending node €2 describing the posi-
tion of the intersection line relative to a fixed point on
the ecliptic, argument of perihelion w measured from
the node to the pericenter and orbit inclination I. The
{x,y, 2} coordinates in this frame are

r cos(f + w) cosQ — cos I'sin(f + w)sin
= = | cos(f +w)sinQ+ cosIsin(f +w)cos | (50)
r sin I sin(f + w)

The ecliptic spherical coordinates (longitude 4 and lat-
itude B) of the position vector r. are defined by

Te cos 1 cos
Ye | = | rsingcosp (51)
Ze rsin 3

The {z,y,2} planetary, orbital coordinates relative
to an angular, equatorial coordinate frame centered in
the sun depend on earth’s obliquity € and are

rg =Rr. (52)
The rotation matrix R , by column, 1s
[ cosQ
Rq = | cosesinQ |, (53)
| sinesin{?
[ —cosIsin®
Ro = | cosecos/cos§d—sinesinl |, (54)
| sinecos ] cos Q+cosesinl
[ sinIsin®
Rg = | —cosesinlcosQ —sinecos ] (55)
i —sinesinf cos{2 + cosecos |

The geocentric position rfg of a planet (still in equa-
torial coordinates) is given by

rg =rg+rg (56)
where r points from earth towards sun and rg points

from sun towards planet.
R.A. and Dec.: The right ascension o and decli-



nation & of an object relative to earth’s equator and
equinox (see Figure 2) are related to the components of

rg by

zg = rcosacosd
Yyg = rsinacos ) (57)
zé = rsiné

If a translation is unnecessary, as with planetary poles
of rotation or distant objects , then (57) can be used to
relate the orbital elements to o and 6. The equatorial
and ecliptic coordinates are related by

1 0 0
re=| 0 cose sine |rg (58)
0 —sine cose

Kepler’s Third Law: GM; = n?a® (M; = Mplanet +
Maatenite) for satellite orbits is modified by zonal plane-
tary gravity, other satellites and Sun. The lowest order

expression is [82, 79]
R. 15 (R’
N2A3 = GM, (1 +=Js ( ) - —J4 (—a—“> (59)

1 ne 2 3 . 9
_5(-]—\[—) (1-—2s1n €)+P),

1
22 M as (1—02) (60)

([(1 +S5;)(1- 0‘2) + 20‘2] b1/2 aj) = 20‘1’”%/2(“]‘)) .

where N and A are the observed mean motion and semi-
major axis, respectively and € is the planetary obliquity
to its orbit. The orbital period is 27/N. The sum
P gives the contributions from all other satellites of
mass M; and depends on Laplace coefficients b?/Q(a)
and bilz(a) which in turn can be expressed as a series
[88, 13] in @ = a</as. For a given pair, a¢ and a, are
the semimajor axes of the interior and exterior satel-
lites, respectively. The factor S; = 1if a < a; and
S;=—1lifa > q;.

Laplace Coefficients: The expansion of the func-
tion A™* = (1+a? — 2acosz) ' is

e _ Lo o=y .
= ib’ +Jz_;b{ cos jz. (61)

The general coefficient b () is

2 [" —s
—/ dz cos jz (14 a® — 2a cosz) (62)
0

I‘(s +37)
TG +1) ZC”qa

b ()

20/
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o T(s+q)T(s+i+ (G +1)
Ciaa = <r<s)r<s S TT+ T+ T+ 1>> (63)

[(z) = (z — 1)T'(z — 1) is the Gamma function. Also,
['(1) =1 and T(1/2) = /7.

Apsidal and Nodal Precession: The satellite node
and argument of periapse also precess and the lowest
order expressions are [82] (& = w + Q)

d . 2
SO AN (%) (L -37(B) - 23) 4 (69)
2

di 2

3(58)" (2—cose— 5sin’) + NP)
20 IV (E) (-3 (%) - 300) - ()
i@

) (1———s1n €) — NP).

5 1 M]’ a 1
P=32 A—/[;gajba/z(aj) (66)
3 M} a 2 ].5 2
A e NN, 10 B3 5
1 M, a>aJ( + 8a]) (67)

Invariable Plane: The action of the sun causes
satellites to precess about the normal to the invariable
plane (also known as the Laplacian plane), which is in-
clined by i to the planetary equator, and defined to
lowest order by
275 sin(24) = ("WG)2 (1—e?)"sin2c—i).  (68)
The invariable plane normal vector lies between the
planetary spin vector and planetary orbit normal and
the three normals are coplanar.

Planetary Precession: The precession of a planet’s
spin axis (if we ignore the variations induced by the
motion of planetary orbit plane [64]) resulting from the
sun and its own satellites is given by [98]

d _ 3MR:
dt"

Jang (69)

cosc—{—z S 2—‘M—j——cos(e—i-)
- M;+M 7

where C is the polar moment of inertia and w; is the
planet spin rate. Numerical modeling of the long term
behavior of the obliquity of terrestrial planets [64, 112]
indicate that their orientation (especially Mars) is at
some time in their histories chaotic.

Cassini State: The mean orientation of a syn-
chronously locked satellite is described by three laws:
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The same side of the moon faces the planet. The satel-
lite’s rotation axis lies in the plane formed by the orbit
normal and invariable plane normal. The lunar oblig-
uity is constant.

The lunar obliquity relative to its orbit €, depends
of the satellite precession rate B%Q in addition to the
moments of inertia [87].

40 3 C-A
o —D=—-"si Zz
- sin(es — I) = 5 Sl €s ( o Coses (70)

sin® —¢€g

1B-A_ ,1
4 C 2°)"

4. DYNAMICAL CONSTRAINTS

A few simple parameters are defined here which are
useful in determining dynamical characteristics of plan-
ets and satellites.

Escape Velocity v, and Minimum Orbit Ve-
locity v, : The minimum velocity to orbit just above
the surface of an airless spherical body of mass M and
radius R is v, while the minimum velocity necessary for
an object to just reach infinity is v, .

w=192 = /iR, (71)

R 5 1/2 X
0 = = .2 T
veo = V20, = 118 (100km> <2.5gcm‘3) me

Hills’ Sphere: A roughly spherical volume about
a secondary body in which a particle may move in
bounded motion, at least temporarily. The Hills’ ra-
dius h is proportional to the cube root of the mass ratio
M, /M, of satellite to planet.

M, \ 3 a [ ps 1/3
h= — = — . 72
e (3Mp> 'iRst (3Pp> (72)

where k¥ < 1. This factor also reduces the effective es-
cape velocity by a factor of ~/1 — Rs/h.

Roche Limit: A fluid satellite can be gravita-
tionally disrupted by a planet if its Hills’ radius is
smaller than the satellite’s mean radius of figure, R.
That is, for Ry < h, a particle will move off the satel-
lite at the sub- and anti-planet positions (orbit radius
A < 1.44R,(pp/ps)'/?), and defines a minimum orbital
radius inside which satellite accretion from ring mate-
rial 1s impeded. The Darwin condition where a fluid
body begins to fill its Roche lobe is less stringent and
is [20]

1/3
ARoche = 2455 R, (”—P> . (73)

Ps

5. TIDES AND TIDAL FRICTION

Love Numbers: The elastic deformation of a satel-
lite due to either a tide raised by the planet or de-
formation caused a satellite’s own rotation is set by
the dimensionless Love number k2. The corresponding
changes in the moment of inertia tensor are

koM, RS 1
61;; (tides) = ——2—7§—R3— (uiu]- - g&ij) ) (74)

5
61;5(spin) = %a‘%wi“’j (kz - (%kz - %"o)‘sij) . (75)
Here u; are the direction cosines of the tide-raising satel-
lite as seen from the satellite’s body-fixed reference sys-
tem (i.e. u; = rj/r), while w; are the Cartesian compo-
nents of the spin vector.

The Love number ks ~ 3/2/(1 + 19u/pgR) for small
homogeneous satellites. An appropriate rigidity u for
rocky satellites is ~5 x 10! dyne-cm~2 for rocky bod-
ies and ~ 4x10'°dyne-cm~2 for icy bodies. Fluid cores
can substantially increase k5. For fluid planets, the
equivalent hydrostatic ks(fluid) = 3J2/m is appropri-
ate, where m = wZR3?/GM is the rotation factor defined
earlier in equation (25).

The term proportional to n, arises from a purely ra-
dial distortion and depends on the bulk modulus, K.
An expression for n, has been derived for a uniform
spherical body [120].

32 pg R 14 p
=2 1+ 2R
™ = 105 <K+§u) ( + 151{) (76)

Typically, K ~ % p and thus n, ~ ky for small satellites.

The surficial tidal deformation d(R’) of the satellite
at a point R’ depends on the interior angle  subtending
the surface R’ and satellite r position vectors [62]. Its
magnitude is set by two additional Love numbers hj
and ly. Also, hy ~ 3k, and I ~ %k’g for small objects.

GM,R

d=
gsr3

(hQR’PZO(cos 6) — 31,0 R’ sin 0 cos 0) , (17)

where g5 is satellite gravity and 9 is a unit vector, nor-
mal to R’ and pointing from R’ toward r.

Tidal Acceleration and Spin Down: The tidal
acceleration of a satellite caused by the inelastic tide it
raises on a planet with rotation rate wy, is given by














































































