Seismic Models of the Earth; Elastic and Anelastic

T. G. Masters and P. M. Shearer

The intent of this chapter is to give a brief review of
the current state of seismological modeling of the Earth’s
interior. The Earth is nearly spherically symmetric — we
shall see below that departures from spherical symmetry
in the deep Earth are only a few percent in magnitude —
so it is useful to think of a spherical reference state with
small perturbations superimposed. We write

m(r, 8, §) = mo(r) + 6m(r, 6, ¢) (M
where m denotes a vector of physical properties needed
to define the seismic model. The spherical part of the
model, my (sometimes called the “terrestrial monopole™),
has been the subject of investigation for several decades
and quite precise models have existed for nearly fifty years.
Our knowledge of the aspherical part of the model, at
least on a global scale, has improved dramatically in the
last decade, largely as a result of the availability of high-
quality digital data sets.

2. SPECIFICATION OF EARTH MODELS

What are the properties that comprise the vector m?
We consider first the spherical part of the model. The
traditional data sets used to constrain mg include free-
oscillation frequencies, surface-wave phase velocity mea-
surements, and travel times of body-waves. Free-oscill-
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course, all the data sets are sensitive to the selsmlc veloc-
ities. Until the mid-1970’s, the terrestrial monopole was
assumed to be perfectly elastic and isotropic. An isotropic
model is specified by three functions of radius: density p,
and the Lamé parameters, A and p (p is also called the
“rigidity” or “shear modulus™). Other combinations of
elastic moduli in common usage for isotropic materials
are
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where K is the adiabatic bulk modulus, E is Young’s
modulus, and ¢ is Poisson’s ratio. The Earth’s mantle has
a Poisson’s ratio close to 0.25 which is achieved when
A = u. The fluid outer core is often modeled as a perfectly
elastic (inviscid) fluid where ¢ = 0 so o = 0.5. The elastic
moduli can be cast in terms of the seismic velocities, V),
and Vj:

p=pVy
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In the mid 70’s it became clear that the weak attenuation
of seismic energy in the Earth has a significant effect on
the modeling of seismic data. In any attenuating body,
the moduli must be frequency dependent (an effect called
“physical dispersion™) so that the Earth sensed by low-
frequency free oscillations is different from that sensed by



high-frequency body waves. In fact, it had been noticed
that models made using free oscillations alone predicted
travel-times which were offset from the observed travel-
times. This difference was called the “baseline” effect
and was originally ascribed to a continental bias to seis-
mic travel times because of the distribution of seismic re-
ceivers. However, it is now clear that much of the baseline
effect can be explained by physical dispersion.

Specification of a weakly attenuating Earth model is
complicated by the fact that there are now a multitude
of possible constitutive relationships to choose from. It
is usual to choose some simple visco-elastic behavior to
model real-Earth materials, with a standard linear solid
(SLS) being a common choice. A SLS exhibits elastic-
type instantaneous deformation when stressed but then
relaxes with a characteristic time constant. Such a mate-
rial preferentially attenuates seismic energy at a specific
frequency. A composite body can be constructed which
attenuates energy over a broad range of frequencies to
produce an “absorption band” that mimics the observed
absorption of energy in the Earth. The “elastic” moduli
describing this behavior are now complex and frequency-
dependent. For example, we can write the shear modulus
as

(W) = po [1+ du(w) +igu(w)] 4)

where d and g are small if attenuation is weak, and pg is the
“unrelaxed modulus” which describes the initial response
of the material to loading. Conventionally, seismic atten-
uation is described using the “quality factor,” J, which is
related to the amount of energy lost per cycle, AE when
the material is stressed at frequency w:

27 AE

Q E

and F is the peak strain energy. In terms of the complex
modulus, the attenuation in shear, 1/ Qu(w), is defined as
Im(u(w))/Re(u(w)). An equation similar to (4) can be
defined for the bulk modulus and the quality of attenuation
in compression, Qi (w). @, and Qg together provide a
phenomenological description of attenuation in the Earth
and must be specified as a function of depth and frequency.
The fact that the elastic moduli are complex leads to com-
plex frequencies of free oscillation which means simply
that the oscillations decay. Observation of the decay rates
of the oscillations can, in principle, be used to constrain
Q. and Q as a function of depth and frequency, and we
shall discuss this below.

The physical dispersion is controlled by d(w) which can
be computed from ¢(w) if ¢ is known for all frequencies
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[1, section 5.5]. Of course this is impossible, so further as-
sumptions about the frequency dependence of q (orequiva-
lently @) must be made before the physical dispersion can
be computed. Observations of attenuation over a broad
range of frequencies are consistent with @ being roughly
independent of frequency from periods of a few seconds
down to periods of about an hour. With this constraint,
d(w) can be calculated and we find that the modulus at
one frequency within the absorption band is related to the
modulus at another frequency by

) =1+ 2 In <(:)-1>

p(w2) TQu  \w2
This means that seismic velocities change by about 1%
for a period change of 1 — 1000 secs if Q =~ 200. The
number is increased to 4% if () ~ 60.

The next major evolution in spherical-Earth modeling
came in the early 80’s when it became clear that depar-
tures from elastic isotropy might be needed. A generally
anisotropic model (with up to 21 elastic moduli) cannot
exhibit spherical symmetry but a model with elastic ve-
locities in the radial direction different from elastic veloc-
ities perpendicular to the radial direction can be spheri-
cally symmetric. Such a material is calied transversely
isotropic. There are now five independent elastic coeffi-
cients (as opposed to two for the isotropic case). In Love
notation, these moduli are given the symbols A, C, N, L
and F. An isotropic model can be thought of as a special
case of the transversely isotropic model when A=C=A+24,
N=L=u and F=\. In terms of the seismic velocities in the
radial direction (V,,, Vi) and in the transverse direction
(Von, Visn), we have

A=pV

C=pVj, s

N=pVj )
= PVsh

L=pV,

The fifth constant, F, is a function of the velocities at in-
termediate incident angles [7].

Having decided upon the physical parameters to be in-
cluded in the model, we must still decide how to param-
eterize the structure. Recently, it has become common to
use polynomial representations of the density and seismic
velocities as a function of frequency (IASP91, PREM).
One difficulty is choosing the radial knots at which the
polynomials are broken. There are several radii in the
Earth at which there is clear evidence for a sharp change
in structure of a global nature. The most prominent of
these is the core-mantle boundary (CMB) followed by the
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inner-core boundary (ICB) and Moho. There is now good
evidence for the global nature of sharp changes in structure
at depths of 410 km and 660 km [34] though there is also
evidence for some variability in the depth and strength of
these “discontinuities.” Other radii have been proposed
but the evidence for other discontinuities of global ex-
tent is weak. In particular, there is little evidence for a
globally-coherent 220 km discontinuity, although it ap-
pears to be present in some locations. The top of the D”
region (roughly the bottom 250 km of the mantle) also
shows evidence for a sharp change in structure in some
locations but again its properties vary spatially. Section 4
discusses the discontinuities in more detail while section
5 discusses the parameterization of aspherical models.

3. SOME SPHERICAL MODELS

Modern spherical Earth models are built using large data
sets of free-oscillation frequencies, surface-wave phase
velocities, and the travel-times of body waves. All these
data sets are, to some extent, contaminated by the effects
of 3-dimensional structure and much effort has been ex-
pended in constructing data sets which are representative
of the spherically-averaged structure. The free-oscillation
and phase-velocity data sets are summarized elsewhere in
this volume. These data sets sample the Earth at frequen-
cies between 0.3 and 15 mHz so a model of the frequency-
dependence of structure must also be included. The ab-
sorption band model described in section 2 is generally
felt to be an adequate model for the long-period data but
requires that ) be roughly independent of frequency in the
band covered by the data. It is unlikely that such an atten-
uation model will be valid up to a period of about 1 second
which is the dominant period of the P-wave body waves
whose travel-times are compiled by the International Seis-
mological Centre (ISC). This makes it difficult to include
the absolute times of body waves in global inversions even
though such data can enhance the depth resolution of struc-
ture in some parts of the Earth. Dziewonski and Anderson
[7] circamvented this problem by using the shape of the
travel time curve rather than the absolute times since, for
teleseismic P-waves, it is likely that the effect of physical
dispersion can be modeled by a baseline shift of the whole
travel time curve.

Model PREM is shown Figure 1 and the isotropic ver-
sion is listed in Table 1. This model has a pronounced 220
km discontinuity and is transversely isotropic above this
depth. Montagner and Anderson [22] have experimented
with the depth extent of anisotropy using a new compila-
tion of free-oscillation frequencies. Their models, which
do not have a 220 km discontinuity, show an interesting
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Fig. 1. Seismic velocities and density vs. radius for

PREM [7] shown as solid lines, and SP6 {27], which is
a modified version of the IASP91 model, shown as dashed
lines. PREM and SP6 are in close agreement through-
out the lower mantle and core, with the largest differences
occuring in the gradients just above and below the core-
mantle boundary. PREM contains transverse isotropy in
the uppermost mantle between 24.4 and 220 km depth; the
lines plotted show the minimum and maximum velocities.
PREM has three major discontinuties in the upper mantle
at depths of 220, 400 and 670 km, and an S-wave low-
velocity zone between 80 and 220 km. SP6, like [ASP91,
contains upper-mantle discontinuities only at 410 and 660
km, with no low-velocity zone.



TABLE 1. Preliminary Reference Earth Model (isotropic version)
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Radius  Depth Ve Ve P Qu Qx K, i v P g
(km) (km) (m/s) (m/s) (kgm™3) (GPa) (GPa) (GPa) (ms™?)
0.0 6371.0 112622 3667.8 130885 84.6 1327.7 14253 1761 044 3640 0.00
100.0  6271.0 11260.6 3666.7 13086.3 84.6 1327.7 14248 1759 044 3637 0.37
200.0 6171.0 112559 3663.4 13079.8 846 13277 1423.1 1755 044 3630 0.73
300.0 6071.0 11248.1 3657.9 130689 84.6 13277 14203 1749 044 3618 1.10
400.0 5971.0 11237.1 36503 13053.7 84.6 1327.7 14164 1739 044 3602 1.46
500.0 5871.0 11223.0 36404 13034.1 846 13277 14114 17277 044 3580 1.82
600.0 57710 11205.8 36284 13010.1 846 13277 14053 1713 044 3554  2.19
700.0 S5671.0 111854 3614.1 12981.8 84.6 1327.7 1398.1 169.6 0.44 3523 255
800.0 5571.0 11161.9 3597.7 12949.1 84.6 1327.7 1389.8 167.6 044 3488 291
900.0 5471.0 11135.2 3579.0 12912.1 846 13277 1380.5 1654 044 3448 327
1000.0 5371.0 111054 3558.2 12870.8 84.6 1327.7 1370.1 163.0 0.44 3404 3.62
1100.0 5271.0 110725 35352 128250 84.6 13277 13586 160.3 044 3355 3.98
1200.0 5171.0 11036.4 35100 127750 84.6 13277 13462 1574 044 3302 4.33
1221.5 51495 110283 35043 12763.6 84.6 13277 13434 1567 044 3290 440
1221.5 51495 103557 0.0 121663 0.0 57823.0 13047 0.0 0.50 329.0 4.40
1300.0 5071.0 10309.7 0.0 121250 0.0 57823.0 12888 0.0 0.50 3247 464
1400.0 4971.0 10249.6 0.0 12069.2 0.0 57823.0 12679 00 050 3189 494
1500.0 4871.0 101875 0.0 120099 0.0 57823.0 12464 0.0 0.50 3127 525
1600.0 4771.0 101229 0.0 11946.8 0.0 57823.0 12242 00 0.50 3063 556
1700.0 4671.0 10055.8 0.0 11879.9 0.0 57823.0 12013 0.0 0.50 2995 5.86
1800.0 4571.0 9985.6 0.0 11809.0 0.0 578230 11775 00 050 2923  6.17
1900.0 4471.0 9912.1 0.0 117340 0.0 57823.0 11529 0.0 0.50 2849  6.47
2000.0 4371.0 9835.0 0.0 11654.8 0.0 578230 11273 0.0 050 2771  6.77
2100.0 4271.0 9754.0 0.0 115712 0.0 578230 11009 00 050 269.1  7.07
22000 4171.0 9668.7 0.0 11483.1 0.0 578230 10735 00 0.50 2608 7.37
2300.0 4071.0 9578.8 0.0 113904 0.0 57823.0 1045.1 00 050 2522 7.66
2400.0 3971.0 9484.1 0.0 11293.0 0.0 57823.0 10158 0.0 050 2433 795
2500.0 3871.0 9384.2 0.0 11190.7 0.0 578230 9855 00 050 2342 823
2600.0 3771.0 9278.8 0.0 110834 0.0 578230 9542 00 050 2249 851
2700.0 3671.0 91676 0.0 109709 0.0 578230 9220 0.0 0.50 2154 878
2800.0 3571.0 9050.2 0.0 10853.2 0.0 578230 8889 00 0.50 2057 9.04
2900.0 3471.0 89264 0.0 10730.1 0.0 578230 8550 0.0 0.50 1958 931
3000.0 3371.0 8795.8 0.0 10601.5 0.0 57823.0 8202 00 050 1857 956
3100.0 3271.0 8658.1 0.0 10467.3 0.0 578230 7847 00 050 1755 981
3200.0 3171.0 8513.0 0.0 103273 0.0 578230 7484 00 0.50 1652 10.05
3300.0 3071.0 8360.2 0.0 101814 0.0 578230 711.6 0.0 050 1548 10.28
3400.0 29710 81994 0.0 10029.4 0.0 578230 6743 00 050 1443 10.51
3480.0 2891.0 8064.8 0.0 9903.4 0.0 57823.0 644.1 0.0 050 1358 10.69
3480.0 2891.0 13716.6 72647 5566.5 312.0 57823.0 6556 293.8 0.31 1358 10.69
3500.0 2871.0 13711.7 72649 55564 3120 57823.0 653.7 2933 030 1346 10.66
3600.0 2771.0 13687.6 7265.7 55064 312.0 57823.0 6440 290.7 030 1288 10.52
3630.0 2741.0 13680.4 72660 5491.5 312.0 578230 6412 2899 030 127.0 10.49
3700.0 2671.0 13596.0 72340 5456.6 312.0 57823.0 6279 2855 0.30 123.0 1041
3800.0 2571.0 13477.4 71889 54068 312.0 57823.0 609.5 2794 030 1174 1031
3900.0 2471.0 13360.8 71442 5357.1 3120 57823.0 591.7 2734 030 1119 1023
4000.0 2371.0 132453 7099.7 5307.3 3120 57823.0 5744 267.5 030 1064 10.16
4100.0 2271.0 13130.6 7055.2 52573 3120 57823.0 557.5 261.7 030 101.1 10.10
4200.0 2171.0 130158 7010.5 5207.2 3120 57823.0 5409 2559 030 958  10.06
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TABLE 1. Continued

Radius  Depth Vp Vi p Qu Qx K, " v pP g

(km) (km) (m/s) (m/s)  (kgm™?) (GPa) (GPa) (GPa) (ms~?)
4300.0 2071.0 129005 6965.3 5156.7 312.0 57823.0 5246 2502 0.29 90.6 10.02
4400.0 1971.0 127839 6919.5 51059 312.0 57823.0 5085 2445 0.29 85.5 9.99
4500.0 1871.0 126655 6872.8 5054.7 312.0 57823.0 4925 2388 0.29 804  9.97
4600.0 1771.0 12544.7 6825.1 5003.0 312.0 57823.0 4766 233.0 029 754 995
4700.0 1671.0 12420.8 6776.0 4950.8 312.0 57823.0 460.7 2273 029 704  9.94
4800.0 1571.0 12293.2 67254 48979 3120 57823.0 4448 2215 029 65.5 9.93
4900.0 14710 12161.3 6673.1 48443 312.0 57823.0 4288 2157 028 607 9.93
5000.0 1371.0 120245 66189 47899 312.0 57823.0 4128 2098 028 559  9.94
5100.0 1271.0 118821 65624 47346 3120 57823.0 3966 2039 028 512 994
52000 1171.0 11733.6 6503.6 4678.5 312.0 57823.0 3803 197.9 0.28 46.5 9.95
5300.0 1071.0 115783 64423 46213 3120 57823.0 3638 191.8 028 419 996
5400.0 971.0 114156 6378.1 4563.1 312.0 57823.0 347.1 1856 027 373 9.97
5500.0 871.0 112449 6310.8 4503.8 312.0 57823.0 3303 1794 027 328  9.99
5600.0 771.0 110656 6240.4 44432 3120 57823.0 3134 173.0 027 283  10.00
5701.0 670.0 107513 5945.1 4380.7 3120 57823.0 2999 1548 028 23.8 10.02
5701.0 670.0 102662 5570.2 3992.1 143.0 57823.0 2556 1239 0.29 238 10.02
5771.0  600.0 10157.8 55160 39758 1430 57823.0 2489 121.0 029 21.1 1001
5771.0  600.0 10157.8 55159 39758 1430 57823.0 2489 121.0 029 21.1  10.01
5800.0 571.0 10009.4 54313 39393 143.0 57823.0 2397 1162 029 199  10.00
5900.0 471.0 94974 5139.6 38132 1430 57823.0 209.7 1007 029 160  9.99
5971.0  400.0 91339 49325 37237 143.0 57823.0 1899 906 0.29 134 997
5971.0 400.0 89052 4769.9 35433 1430 57823.0 1735 806 030 134 997
6000.0 371.0 8849.5 4749.6 35259 1430 57823.0 170.1 795 030 123 9.96
6100.0 271.0 8657.1 4679.6 34662 1430 578230 1586 759 029 89 9.93
6151.0 220.0 85589 46439 34358 143.0 57823.0 1529 741 029 7.1 9.91
6151.0 2200 7989.7 44189 3359.5 80.0 578230 1270 65.6 028 7.1 9.91
6200.0 171.0 80200 4437.0 3364.8 80.0 57823.0 1281 662 028 5.5 9.89
6291.0 80.0 80762 44705 33747  80.0 578230 1302 674 028 25 9.86
6291.0 80.0 80762 44705 33747 600.0 57823.0 1302 674 028 25 9.86
6300.0 71.0  8081.8 4473.8 33757 600.0 57823.0 1304 676 028 22 9.86
6346.6 244 81106 4491.0 33807 600.0 57823.0 1315 682 028 0.6 9.84
6346.6 244  6800.0 3900.0 2900.0 600.0 57823.0 753 44.1 025 06 9.84
6356.0 15.0  6800.0 3900.0 2900.0 600.0 57823.0 753 44.1 025 03 9.84
6356.0 150  5800.0 3200.0 2600.0 600.0 57823.0 520 266 028 0.3 9.84
6368.0 3.0 5800.0 3200.0 2600.0 600.0 57823.0 520 266 028 00 9.83
6368.0 3.0 1450.0 0.0 10200 0.0 578230 2.1 00 050 00 9.83
6371.0 0.0 1450.0 0.0 10200 0.0 578230 2.1 00 050 00 9.82

trade-off between the depth extent of anisotropy and the
size of the shear velocity jump at the 410 km discontinu-
ity. If anisotropy is allowed to extend to 400 km depth or
greater, the shear velocity jump at the 410 km discontinuity
becomes extremely small. This is inconsistent with the re-
sults of regional studies and suggests that global transverse
isotropy should be confined to relatively shallow depths.
In fact, some workers have suggested that the evidence
for global transverse isotropy is sufficiently weak that it

may not be a required feature of the spherically-averaged
Earth.

Other spherical Earth models of seismic velocity alone
have been generated from the ISC data set. Model IASP91,
[15], has been designed to provide an optimal fit to the ISC
times (see Kennett, this volume, for a detailed descrip-
tion). This may mean that JASP91 is not necessarily an
unbiased estimate of the spherically-averaged Earth since
the ISC data provide a non-uniform geographic sampling




































