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1. INTRODUCTION

The displacement at any point on the surface of the
Earth can be quite complicated but can be thought of as
a sum of discrete modes of oscillation, each mode hav-
ing a characteristic frequency and decay rate which are
dependent upon the structure of the Earth. The initial am-
plitudes of the modes of free oscillation depend upon the
source of excitation which, in free-oscillation seismology
(or “normal mode” seismology), is usually an earthquake.
Earthquakes are typically of relatively short duration. For
example, a magnitude 6.5 earthquake will rupture for per-
haps ten seconds after which the Earth is in free oscillation.
Away from the immediate vicinity of the earthquake, the
motions of the Earth are small in amplitude and the total
displacement at a recording site can be written simply as
a sum of decaying cosinusoids:

u(t) =Y Agcos (wit + rle” . )
k

wy, 18 the frequency of the k’th mode which has an initial
amplitude Ay and an initial phase ¢;. o controls the
decay rate of the k’th mode and is often written in terms
of the “quality” of the mode, (), where
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When @)y, is large, oy, is small so the mode rings on for a
long time. Conversely, low ¢} modes decay away quickly.
In the Earth, attenuation of seismic energy is weak and the
()’s of modes are typically between 100 and 6000. Thus
modes of oscillation ring on for many cycles before being
appreciably attenuated.

Long wavelengths are typically associated with low fre-
quencies and free oscillation theory has usually been used
to describe motions of the Earth with periods between
about 100 seconds and 1 hour. The latter period corre-
sponds to the frequency of the mode 4.5, which is some-
times called the “football mode” of the Earth since it corre-
sponds to a mode of deformation in which the Earth looks
like an American football (Figure 1a). The notation ,, S,
arises from the fact that, on a spherically-symmetric Earth,
free oscillations have displacement fields which are sim-
ply related to spherical harmonics: the £ is the harmonic
degree of the relevant spherical harmonic which controls
the number of nodes in the displacement field in latitude.
n is the “overtone index™. n = 0 corresponds to the lowest
frequency mode of harmonic degree £ and is termed a “fun-
damental mode”. Higher frequency modes, n > 0, are
called “overtones”. Finally, the S indicates that this mode
is in the class of “spheroidal” modes. Spheroidal modes
can have complicated displacement fields which involve
compression of the Earth as well as shearing. These modes
therefore affect (and are affected by) the gravitational field
of the Earth and can be measured using gravimeters. The
simplest case of a spheroidal mode is one in which the
displacement is everywhere in the radial direction (Figure
Ib). Such modes are called “radial” modes and the fun-
damental radial mode, ¢Sy, has a period of about 20 min-
utes. An alternate class of modes is the “toroidal modes”
which consist of shearing on concentric shells (e.g., Fig-
ure 1c) and are labelled ,, Ty in an analogous fashion to the



Fig. 1. Hlustrations of the displacement fields of various
modes of oscillation. a) (.53, the “football” mode of the
Earth, b) ¢S50, the “breathing” mode of the Earth, and c)
the toroidal mode o15.
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of the elastic and anelastic properties of the Earth is used
to calculate the frequency and attenuation rate (wy and
o) of each mode. Even though equation (1) is very sim-
ple, the interference between modes of oscillation gives
a complicated waveform which agrees in detail with the
observations. The large amplitude wave packets seen in
the seismogram correspond to surface waves which travel
around the surface of the Earth much like ripples on the































































