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1. INTRODUCTION 

Two general references for the theory of mixtures 
a.re the textbooks of Beran [5] and Christensen [29]. 
Review articles by Batchelor [3], Hale [41], Hashin [42], 
Torquato [95], and Willis [llO] are also recommended. 

1.1. Rocks Are Inhomogeneous Materials 
A rock is a naturally occurring mixture of miner- 

als. Rocks are normally inhomogeneous bot#h due to 
their mixed mineral content and due to the presence of 
cracks and voids. A specimen of a single pure mineral 
without any cracks or voids is usually called a single 
crystal, unless the specimen is a jumble of anisotropic 
and randomly oriented single crystals in which case it 
is called a polycrystal. When single crystals of dif- 
ferent anisotropic minerals are jumbled together ran- 
domly, the rock is called a polycrystalline aggregate. 

1.2. General Assumptions and Caveats 
The theory of rnixtures as presented here is a macro- 

scopic t.heory, and assumes that the constituents of the 
mixture are immiscible (i.e., one component does not 
dissolve in the presence of another). The theory also 
assumes at the outset that we know what minerals 
are contained in a composite (say, using spectroscopic 
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analysis), what the pertinent physical constants of sin- 
gle crystals of these minerals are (preferably from di- 
rect measurements or possibly from independent, mea- 
surements t,abulat,ed in reference books like this one), 
and usually what the relative volume fractions of t,hese 
constituents are. In addition, it is sometimes supposed 
that further information about short-range or long- 
range order, geometrical arrangements of constit,uents 
and pores, or some other pertinent information may 
be available. Thomsen [93] discusses some of the po- 
tential pitfalls involved in using mixture theories to 
analyze rock data. 

We concent,rate on three-dimensiona. results, but 
wish to point out t,hat two-dimensional result,s are usu- 
ally also available and often a.re somewhat stronger (for 
example, bounds might be tighter or actually become 
equalities) than the results quoted here. 

When used with real data, all t,he formulas pre- 
sented should be analyzed for sensitivity to error prop- 
aga,tion from measurement statistics. 

The body of knowledge called the theory of mix- 
tures (or the theory of composites) has grown so much 
in the last 30 years that it is clearly impossible to re- 
view all the results pertinent to rocks in a short space. 
It is the intention of the author to summarize the best 
established and most generally useful results and then 
to provide pointers to the literature for more recent 
and more specialized contributions. Clearly much sig- 
nificant work must be omitted in a review of this size. 

1.3. Types of Results 
The results to be presented are organized into three 

general categories: exact results, bounds, and esti- 
mates. An exact result is a formula relating the desired 
physical property to other (usually) more easily mea- 
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sured physical properties. Rigorous bounds are gener- 
ally based on thermodynamic stability criteria, or on 
variational principles. For example, the Voigt [98] and 
Reuss [go] estimates were shown to be rigorous bounds 
by Hill [46] using variational principles. An estimate is 
any formula that is neither exact nor a rigorous bound; 
a trunca.ted series expansion is a.n example of such an 
estimate. Derivations of the results are omitted, but 
may be found in the references. 

The significance of these results for rocks differs 
somewhat from their significance for other types of 
composite materials used in mechanical design. For 
example, if one wishes to design a strong but very light 
weight material (say, for use in structures), bounding 
methods are clearly superior t.o estimates: properties 
of typical elastic composites can be very well approx- 
imated when closely spaced bounds are known. How- 
ever, since rocks virtually always have some porosity, 
one of the bounds will be practically useless (being 
either essentially zero or infinity) and, therefore, es- 
timates can play a very significant role in evaluating 
rock properties. 

1.4. Choice of Physical Properties 
R,esults are known for a.nisotropic composites com- 

posed of isotropic constituents and for either isotropic 
or anisotropic composites of anisotropic constit,uents. 
However, to keep this article within bounds, we will 
say very little about anisotropy. Likewise, frequency 
dependent results and estimates (or bounds) for com- 
plex constants will be largely ignored. 

1.5. Format for Presentation of Results 
To simplify presentation of results and to empha- 

size similarities arnong various estimates and bounds, 
it will prove convenient to introduce some special no- 
tation. Let 21,. , ZN be the volume fractions of the 
N constituents of the composite. We assume that 
~1 + . + XN = 1, so that all the components of the 
composite are counted. If cracks or voids are present, 
then the corresponding constituent constants are ei- 
ther zero or infinity (e.g., electrical resistance p = 00 
implies a perfect insulator). A volume average of any 
quantity Q(r) is given by 

(Q(r)) = 5 M2i, 
i=l 

(1) 

where Qi is the value of Q(r) in the i-th component. 
Reference will be made to the minimum and maxi- 
mum values Q takes among all N constituents, given 

by Qmin = min; Qi and Qmaz = maxi Qi. 
To fix notation, we define a,/f as the true effec- 

tive conductivity, (T* are the upper(+) and lower (-) 
bounds on conductivity satisfying u- 5 a,ff 5 u+, 
and (T* is an estimate such that ceff N (T*. The pre- 
cise meaning of the expresion a,ff 21 u* will usually 
not be specified, but we generally consider only those 
estimates that are known to satisfy c 5 cr* 5 CT+. 
The same subscript and superscript notation will be 
used for all physical properties. 

We also introduce certain functions of the con- 
stituents’ constants [8,11,66,99]. For the conductivity 
a(r), we introduce 

C(S) = (“(‘):J -2s 

= (g-&ps. (2) 

For the bulk modulus K(r), we use 

\(‘“)=(I~(r;+fu)-l-$U 
= (~I{i~~u)-’ - 471. C3) 

For the shear modulus /-l(r), we have 

r(+$-->-l-z 
= g* -l-2. ( ) (4) 

z 

Each of these three functions increases monotonically 
as its argument increases. Furthermore, when the ar- 
gument of each function vanishes, the result is the har- 
monic mean of the corresponding physical property: 

and 

Similarly, an analysis of the series expansion for each 
function at large arguments shows that, in the limit 
when the arguments go to infinity, the functions ap- 
proach the mean of the corresponding physical prop- 
erty: 

C(m) = (4r>) , A(m) = (l<(r)) ) 
and r(m) = b(r)) (6) 
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Thus, these funct,ions contain both the Reuss [80] and 
Voigt [98] bounds as limits for positive argument#s. 
Hashin-Shtrikman lower (upper) bounds [44, 451 are 
obtained by using the minimum (maximum) value of 
the appropriate constituent property, that is, rHS = 

C(%in), u&i = qumac), I(,, = &&ni,), I(& = 

A(P ) etc. Most of the st,ill tighter bounds tha.t maz , 
are known may be expressed in analogous fashion, but 
we do not have space to present such results in this 
review. 

Examples, together with c.omparisons to experi- 
ment, are presented to conclude each topic. 

2. ELECTRICAL CONDUCTIVITY, 
DIELECTRIC PERMITTIVITY, 
MAGNETIC PERMEABILITY, 
THERMAL CONDUCTIVITY, ETC. 

The problem of determining the effective electrical 
conductivity (T of a multiphase conductor is mathemat- 
ically equivalent to many problems in inhomogeneous 
materia.ls. Ohm’s law relates t,he current density J and 
the electric field E by 

J = rE. (7) 
In the absence of current sources or sinks, the current 
density is conserved and therefore satisfies the continu- 
ity equation V. J = 0. The electric field is the gradient, 
of a potential a, so E = -V@, and is therefore also 
curl free, so V x E = 0. 

For dielectric media, if D and E are the displace- 
ment, and electric fields, then the dielect.ric permittiv- 
ity 6 satisfies 

D = tE, (8) 

where V .D = 0 in t,he absence of a charge distribution 
and V x E = 0. 

For magnetic media, if B and H are the magnetic 
induction and field intensity, then the magnetic per- 
meability ,u satisfies 

B=pH, (9) 

where V.B = 0 and in the absence of currents V x H = 
0 [52]. 

For thermal conduction, if Q is the heat flux and 
B is the scalar temperature, then the thermal conduc- 
tivity k satisfies 

Q = -kVB, (10) 

where heat is conserved according to V . Q = 0 

Thus, all of these rather diverse physical problems 
have the same underlying mathematical structure. We 
will treat the electrical conductivity as the prototypi- 
cal problem, although occasionally we use terminology 
that arose originally in the study of dielectric media. 

Historical and technical reviews of the theory of 
electrical conductivity in inhomogeneous materials are 
given by Hale [41] and Landauer [59]. Batchelor [3] 
compares analysis of various transport properties. 

2.1. Bounds 
Hashin-Shtrikrnan bounds [44,66] for electrical con- 

ductivity may be written using (2) 

uis E C(U,in ) 5 Ueff 5 qumar) = q&q, (11) 

where we may suppose that the constituents’ conduc- 
tivities have been arranged so that u,i,, = u1 5 u2 5 

. < UN = urnax. 
Rigorous bounds on the conductivity of polycrys- 

tals have been derived by Molyneux [67] and Schul- 
gasser [86]. 

2.2. Estimates 
We may use the rigorous bounds to help select use- 

ful approximations. Any approximation that, violates 
the bounds may be discarded, since it is not as accu- 
rate an estimate a.s the bounds themselves. We there- 
fore prefer estimates tha.t satisfy (or at worst coincide 
with) the bounds. 

2.2.1 Spherical inclusions. One of the earliest 
estimates of the effective dielectric constant is associ- 
ated with various names, such as Clausius-Mossot,ti, 
Maxwell-Garnett, and Lorentz-Lorenz (see Rergman 
[S]). The formula for a two-component (N = 2) con- 
posite with type-2 host containing type-l spherical in- 
clusions is 

Using definition (2), the equivalent result for conduc- 
tivity is given by 

c&f = C(u,). (13) 

Interchanging the roles of the host, and inclusion phases 
gives a second result u,& = C(UI). Thus, we see that 
these e&mates are actually the same as the Hashin- 
Shtrikman bounds. 
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The self-consistent (SC) effective mediurn theory 
for dielectric or conducting composites was derived by 
Bruggeman [22] and Landauer [58], respectively. Us- 
ing conductivity as our example, the formula can be 
written either as 

or equivalently as 

1 1 
a& + 2u& = > u(x) + 2a& (15) 

Using definition (2), we see that ate is the fixed point 
of the function E(a) given by 

u&. = C(c&). (16) 

This equation makes it clear that the solution is found 
through iteration, and that is one rea.son the method 
is called “self-consistent .” 

The differential (D) effective medium approach was 
first proposed by Bruggeman [22]. If there are only two 
constituents whose volume fractions a.re z = ~1 and 
y = 21% = l--2 with type-l mat,erial being the host and 
type-2 being inclusion, then suppose the value of the 
effective conductivity u&(y) is known for the value y. 
Treating u;(y) as the host conductivity and ui, (y+dy) 
as that of the infinitesimally altered composite, we find 

(1 - Y)$ bb(Y)l = ;;2$$;) [3G(Y)l (17) 

This equation can be integrated analytically. Starting 
with u;(O) = ~1, we find 

(“;;+r’) (&)+ = l-y. (18) 

Milton [65] has shown that the self-consistent effec- 
tive medium method produces result#s that are realiz- 
able and therefore always satisfy the rigorous bounds. 
Norris et al. [71] h ave shown the corresponding result 
for the differential effective medium theory. 

2.2.2. Nonspherical inclusions. When consid- 
ering nonspherical inclusions (generally assumed to be 
ellipsoidal), it is convenient to introduce the factors R 
defined by 

p = f c 1 

y=a b c LpUi + (1 - Lp)%l 
(19) 

I , 

(examples are displayed in Table 1). The superscripts 
m and i refer to matrix (host) and inclusion phases, 
while the L,s are t,he depolarization factors along each 
of the principle directions (a, b, c) of an ellipsoidal in- 
clusion. A generalization of the Clausius-Mossotti for- 
mula for nonspherical inclusions in an isotropic com- 
posite is (see Cohen et al. [32] and Galeener [39]) 

u;$f - urn 
u&,f + 20-m 

= 5 zi(ui - u,)Rmi. (20) 
i=l 

A generalization of the self-consistent formula for non- 
spherical inclusions in an isotropic composite is 

5 zi(ui - u$~)R*~ = 0. (21) 
i=l 

The asterisk superscript for R simply means that the 
host material has the conductivity uic. Thus, (20) is 
explicit, while (21) is implicit. 

Tabulations of the depolarizing factors L, for gen- 
eral ellipsoids are given by Osborn [72] and Stoner [91]. 

For aligned ellipsoids (i.e.. for certain anisotropic 
conductors), if the depolarization factor of the axis 
aligned with the applied field is L, then Sen et al. [88] 
show that the differential effective medium estimate 
can again be integrated analyt,ically and produces the 
result, 

(c-i”‘) (&)” = 1-Y. (22) 

TABLE 1. Three examples of coeffic.ients R for spher- 
ical and nonspherical inclusions in isotropic compos- 
ites. The superscripts m and i refer to matrix (host) 
and inclusion phases, respectively. 

Depolarizing 
Inclusion shape factors R na2 

La, Lb, Lc 

Spheres - 1 - 1 - 1 1 
3’ 3’ 3 n.+2o, 

Needles 011 1 1 2’ 2 5 &+A 0,+0, > 

Disks 1,0,0 
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The result (18) . is seen to be a special case of this more 
general result with L = $. 

A paper by Stroud [92] introduced a self-consistent 
effective medium theory for conductivity of polycrys- 
tals. 

TABLE 2. Comparison of measured and calculated for- 
mation factor F for packings of glass beads. Data from 
Johnson et al. [54]. 

Porosity Experimental Spheres Spheres-Needles 

2.2.3. Series expansion methods. Brown [21] 4 F FD Fsc 

has shown how to obtain estimates of conductivity us- 0.133 27.2 20.6 ‘LG.6 
ing series expansion methods. 0.142 25.4 18.7 24.5 

2.3. Example 
0.148 22.0 17.6 23.2 

2.3.1. Formation factor of glass-bead pack- 0.235 8.8 8.8 12.3 
ings. The formation factor F for a-porous medium is 0.303 5.0 6.0 8.2 
defined as 0.305 5.2 5.9 8.1 

F = u/u*, (23) 

where a is the electrical conductivity of the pore fluid 
and u* is the overall conductivity of the saturated 
porous medium -- assuming that the material com- 
posing the porous frame is nonconducting. A related 
quantity called the electrical tortuosity r is determined 
by the formula 

r=dF. (24) 

Johnson et al. [54] h ave measured the electrical con- 
ductivity of a series of glass-bead packings with con- 
ducting fluid saturating the porosity 4. The corre- 
sponding values of F are shown in Figure 1 and Table 

40 I I I I 
351. 

\ 
- Hashin-Shtrikman 
- - - Differential 
- - - Self-Consistent 

l Data from Johnson et al. (1992) 

0. I I I I 
0 0.15 0.20 0.25 0.30 0.35 

Porosity Q 

Fig. 1. Measurements of formation fa.ctor F compared 
to Hashin-Shtrikman bounds and estimates based on 
the differential (D) scheme for spherical insulating par- 
ticles in a conducting fluid and the self-consistent (SC) 
method for spherical insulators and needle-shaped con- 
ductors. Data from Johnson et al. [54]. 

2. All the values lie above the Hashin-Shtrikman lower 
bound on F, give11 by 

as expected. 
The paper by Sen et al. [88] shows that the differ- 

ent,ial (D) method predicts the formation factor should 
be given by 

FD = 4-9, Gv 

assuming that the glass beads are treated as noncon- 
ducting spheres imbedded in a host, medium corre- 
sponding to the conducting fluid. This approach guar- 
antees that the conducting fluid contains connected 
(and therefore conducting) pathways at all values of 
the porosity. 

The self-consistent (SC) method can also be used 
by assuming the glass beads are spheres in the con- 
ducting fluid in the very high porosity limit and that 
the porosity is in the form of needle-shaped voids in 
the glass in the low porosity limit. The resulting for- 
mula is given by 

F~,=;(X’-l+[(X+1)~+32])~. (27) 

where 

X=-3+91 
2 4. 

(If the sphere-sphere version of the SC approximation 
had been used instead, we would have found that the 
SC method predicts there are no conducting paths 
through the sample for porosities 4 5 5. However, 
this result just shows that a spherical geometry for the 
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TABLE 3. Conversion formulas for the various elastic constants. 

Bulk modulus Shear modulus Young’s modulus Poisson’s ratio 

Ii P E v 

E E 1 
Ir’ = 

3K -2p 

3( 1 - 2Y) p = 2(1+ v) 
‘,L 

F = 9K 3/l v = 2(311+ p) 

pores is an inadequate representation of the true mi- 
crost,ructure at low porosities. That. is why we choose 
needles instead to approximate the pore microstruc- 
ture.) 

These two theoretical estimates are also listed and 
shown for comparison in Table 2 and Figure 1. We 
find that the differential method agrees best with the 
data at the higher porosities (- 25530 %), while the 
self-consistent effective medium theory agrees best at 
the lower porosities (- 15 %). These results seem to 
show that needle-shaped pores give a reasonable ap- 
proximation to the actual pore shapes at low poros- 
it,y, while such an approximation is inadequate at the 
higher porosities. 

3. ELASTIC CONSTANTS 

For isotropic elastic media, the bulk modulus I< is 
related to the Lame parameters X, p of elasticity [see 
Eq. (54)l by 

K = x + $I, (29) 

where p is the shear modulus. Bounds and estimates 
are normally presented in terms of t,he bulk and shear 
moduli. However, results of mechanical measurement.s 
are often expressed (particularly in the engineering lit,- 
erature) in terms of Young’s modulus E and Poisson‘s 
ratio V. Useful relations among these constants are 
displayed for ease of reference in Table 3. 

A very useful review article on the theory of elastic 
constants for inhomogeneous media and applications 
to rocks is that of Watt et al. [108]. The t,extbook 
by Christensen [29] may also be highly recommended. 
Elastic anisotropy due to fine layering has been treated 
by Backus [a]. 

3.1. Exact 
When all the constituents of an elastic composite 

have the same shear modulus p, Hill [47] has shown 

that the effective bulk modulus K,ff is given by the 
exact formula 

l 4 =(h.(x)i+ $)I Kjj + TJP C30) 

or equivalently 

JLjj = A(p), (31) 

using the function defined in (3). Clearly, pLeff = /.L if 
the shear modulus is constant. 

If all constituents are fluids, then the shear mod- 
ulus is constant and equal to zero. Thus, Hill’s result 
(30) shows that the bulk modulus of a fluid mixture is 
just the Reuss average or harmonic mean of the con- 
stituents’ moduli. This fact is the basis of Wood’s for- 
mula [see (48)] f or wave speeds in fluid/fluid mixtures 
and fluid/solid suspensions. 

3.2. Bounds 
Hashin-Shtrikman [43] b ounds for the bulk modu- 

lus are 

For the shear modulus, we first define the function 

(33) 

Note that ((Ii’, p) is a monotonically increasing func- 
tion of its arguments whenever they are both posi- 
tive. When the constituents’ elastic moduli are well- 
ordered so that K min = Ii-1 5 . . < Ii-N = K,,,,, 
and p,i,, = ,LL~ 5 . < PN = pmaZ, then the Hashin- 
Shtrikman bounds for the shear modulus are 

PIis = r(S(Gnin I pmin)) L pejj 
I qC(Knaz, Pm)) = L&s, (34) 

using (33). Wh en the constituents’ properties are not 






































